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f^ i' Abstract 

(D : 

,.£^ , In the present paper we investigate noncommutativity of I?9 and i?5-brane world- 

volumes embedded in space-time of type IIB superstring theory. Boundary conditions, 
which preserve half of the initial supersymmetry, are treated as canonical constraints. 
Solving the constraints we obtain original coordinates in terms of the effective co- 

QQ \ ordinates and momenta. Presence of momenta induces noncommutativity of string 

endpoints. We show that noncommutativity relations are connected by A^ = 1 su- 
persymmetry transformations and noncommutativity parameters are components of 
A^ = 1 supermultiplet. 
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vh ■ 1 Introduction 



In the present paper we investigate the noncommutativity of type HB superstring theory 
[T] in pure spinor formulation (up to the quadratic terms) [2] using canonical approach. We 
consider two cases: when DO-brane is space-time filling and when D5-brane is embedded 
in space-time. Also we investigate the supersymmetry of noncommutativity relations. 

The field content of R-R sector determines stable Dp-branes [1] in the certain super- 
string theory. The R-R sector of type IIB theory contains gauge fields ^(o); ^(2) and 
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^(4) , and consequently, Dp-hianes with odd value of p are stable. As a particular choice, 
besides DO-brane, we will embed Z?5-brane in ten dimensional space-time. 

Spinorial part of ten dimensional superspace is spanned by two fermionic coordinates, 
9" and 6" (a = 1, 2, ... , 16), which are Majorana-Weyl spinors. It is useful to express ten 
dimensional Majorana-Weyl spinor S" in terms of two independent D5-brane opposite 
chirality Weyl spinors, S"i and S"^ (ai, 02 = 1, 2, . . . , 8) [H S i]. 

In the case of DO-brane, when it fills all space-time, we chose Neumann boundary 
conditions for all bosonic coordinates x^^. The boundary condition for fermionic coor- 
dinates, (0" — ^")|o = produces additional one for their canonically conjugated mo- 
menta, (tTq, — 7fQ,)|Q = 0. Choosing Neumann boundary conditions for x* coordinates 
(i = 0, 1, . . . , 5), and Dirichlet boundary conditions for orthogonal ones x" (a = 6, . . . , 9) 
we embed L)5-brane in ten dimensional space-time. For fermionic coordinates we choose 
boundary condition [6°' + (*r^)°]|Q = 0, where *r = r0rir2-p3p4p5 jg introduced to pre- 
serve supersymmetry [I]. Corresponding boundary condition for momenta is of the form 
[tTq + (*r7f)Q,]|g = 0. In terms of Z)5-brane spinors boundary conditions have the form 
(ri - ^"i)|- = 0, (^"2 + ^«2)|^ = 0, (7r„, - 7f„J|J = and (vr,, + 7f„,)|^ = 0. 

We treat boundary conditions as canonical constraints [3 [6l [3 E] • Using their consis- 
tency conditions, we rewrite them in compact cr-dependent form and find their Poisson 
brackets. It turns out that all constraints are of the second class for nonsingular open 
string metric G^-^-^ = G — ABG^^B. Solving the second class constraints, we obtain ini- 
tial coordinates in terms of effective coordinates and momenta. Presence of the momenta 
in the solutions for initial coordinates is source of noncommutativity. Noncommutativ- 
ity relations are consistent with A'^ = 1 supersymmetry transformations. We obtained 
that noncommutativity parameters contain only odd powers of background fields anti- 
symmetric under world-sheet parity transformation J7 : cr — )• —a. They are components 
of A^ = 1 supermultiplet. This result represents a supersymmetric generalization of the 
result obtained by Seiberg and Witten [9j. 

At the end we give some concluding remarks. 

2 Type IIB superstring theory and embedded D5-brane 

We will investigate pure spinor formulation [21 [ini [71 18] of type IIB theory, neglecting ghost 
terms and keeping quadratic ones as in the action of Ref. [lOj . 
The action in a flat background 

So = j d^i (^r?"'"r?M.5„x''a„x'^ - 7r„a_r + a+rvf^) , (2.1) 

deformed by integrated form of the massless IIB supergravity vertex operator 

ysG = d ^Xj^AmnXn , (2.2) 



produces the full action 

S = So + VsG- (2.3) 

The world sheet (S) parameters are ^"^ = (r , o"), while D = 10-dimensional space-time 
coordinates are labelled by x^ (/i = 0, 1, 2, . . . , 9). The fermionic extension of space-time 
is expressed by same chirality fermionic coordinates 0" and ^". The variables tTq, and 
tTq are canonically conjugated to the coordinates 0" and ^", respectively. The fermionic 
coordinates and momenta are Majorana-Weyl spinors. 

Using equations of motion which are consequences of BRST invariance, requiring for 
all background fields to be constant and restricted the action to the quadratic terms, the 
vertex operator gets the form 



VsG 



d'i 



K{\g^, + B^,)d+x>'d^x'' - 7r,*^5_:E^ + 9+x^§^7f„ + J-vr.F"'^^;, 



,(2.4) 



where g^^ is symmetric, B^y is antisymmetric Neveu-Schwarz field, ^" and \I'" are NS-R 
gravitino fields and F"^ is R-R field strength. Adding Vsg to flat background action, we 
have 
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-7r,a_(r + M/>^) + a+(r + ^>'^)7f„ + ^^'^-'^ ^^ 



where G^^ = fl^lv + 9ij.u is constant gravitational field. 

Embedding Z)9-brane means that we choose Neumann boundary conditions for all 
space-time coordinates x^ so that D9-brane fills whole space-time. In order to embed -D5- 
brane in ten dimensional space-time we choose Neumann boundary conditions for x* [i = 
0, 1, . . . , 5) and Dirichlet boundary conditions for orthogonal directions x" (a = 6, 7, 8, 9). 
The choice of background fields is the same as in Ref . [8J and the action is of the form 
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where 5ft means real part of some complex number, * means complex conjugation and 
with frs we denoted 8 independent D5-brane components of F"^ (for more details see 
Appendix B of Ref. [8]). 



3 Canonical analysis 

Here we will perform canonical analysis of type IIB superstring theory. Boundary condi- 
tions will be treated as canonical constraints. Consistency procedure for boundary con- 
ditions enable us to rewrite them in compact a-dependent form. It turns out that all 
constraints are of the second class. 

3.1 Hamiltonian 

Using standard canonical procedure we find canonical Hamiltonian of type HE superstring 
theory in the form 



Hc= daTic, nc = T^-T+, T± = t±-T±, (3.1) 

where 



in 



n -^■ 



r+ = {e'^ + ^y^TT^-j-TTaF^f'Trf,, r_ = (^'" + ^^x'^)7f« + i-^„F°% .(3.2) 
For the case of embedded DS-brane canonical Hamiltonian gets the form 

t± = ^-;-G'^^ I±il±j , 

/±, = vr, + 2Kll±ijx'i + 2K (vr^^^fi + vr^^^f^ - ^^^vf,, - ^^vf,,) , 
r+ = 2K[(0'°i+^fix'')7r„, + (^'"2+^fx'')7r,2] 






Q(\ I i*CK2Pl — J^fJ^l P2 — I ^Ll2P1 — * 1-C^A P2 —^ 

- 1^^ \T^C2 /2I TT^l - TTai /12 TT^^a + ^Taa /24 T^/?! " ^"1 /l3 7r^2 ; ' 

2k V '^^ 7r;3^ + TTai /i4 ^/3i-^a2/22 ^fe " ^02/23 ^fe^ 

2k V '■^^1 7r/3i-VrQji2 ^T/^a + vr^j /24 ^/3i-^ai/l3 ^fej ' W-<^J 

and TTj, TTai, T^a2i ^ai and vfaj are canonically conjugated to x*, 6"^, 9'^'^, 6"'^ and (9"^, 
respectively. Note, that in both cases energy-momentum tensor components T± satisfy 
Virasoro algebra as a consequence of two dimensional diffeomorphisms. 

3.2 Boundary conditions as canonical constraints 

As a time translation generator Hamiltonian has to be differentiable with respect to co- 
ordinates and their canonically conjugated momenta. From this fact, following method 



of Ref.[6j, we will derive boundary conditions directly in terms of the canonical variables. 
Varying Hamiltonian He, we obtain 

6H, = 6Hf> - bi^^fe'^ + T^je'^ + <5^"7f„] i; , (3.4) 

where 5Hc is regular term without r and a derivatives of supercoordinates and super- 
momenta variations and 

7(,o) = Ii+,n-u + H-^.'^I+u + vr,^° + ^^vf, . (3.5) 

Consequently, differentiability of Hamiltonian for type IIB theory demands 

7(,°)<5x^ + 7r<,(5r + 5^"7fJ ^ = 0. (3.6) 

Embedding Z)9-brane implies Neumann boundary conditions for x^ coordinates, which 
means 

7i''^lo=0. (3.7) 

Boundary condition for fermionic coordinates chosen to preserve half of the initial N = 2 
supersymmetry is 

(^°_^«)'' = 0, (3.8) 

and it produces additional boundary condition for fermionic momenta 

(TTa - Tta) \^ = . (3.9) 

In order to embed Z?5-brane, for D5-brane coordinates x* we choose Neumann bound- 
ary conditions, implying 

7^10= 0> (3-10) 

For othogonal coordinates we choose Dirichlet ones, fe^lg = 0. As in Ref.^, dynamics of 
x"" directions decouples from the rest part of action and we will not consider this boundary 
condition. Fermionic boundary conditions take the form 

[r + (^r^)-] I J = , [vr, + (^rvf)^] |- = , (3.11) 

where *r = r0rir2p3p4p5 gy convention we introduce *r because if Qi and Q2 are type 
IIB supersymmetry charges then, after Dp-hrane is embedded, the conserved supersym- 
metry is the linear combination [T] 

Qi + r°r^ . . r^Qs ■ (3.12) 



Note that arbitrary Majorana-Weyl spinor can be expressed in terms of two opposite 
chirality DS-brane Weyl spinors 
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where 61 is D5-brane complex conjugation operator. In terms of D5-brane spinors bound- 
ary conditions takes the form 



3Q1 flOil" 



0. 



]«2 _|_ aoL2'' 



0, 



(3.14) 

(tTq,^ -TTqJIo =0, (7r„2 +7fa2)|Q = 0. (3.15) 

According with Ref.[6], we will treat the expressions (|3.7p - (|3.9p and (|3.10p . (|3.14p and 
(|3.15p as canonical constraints for 1)9 and Z?5-brane, respectively. 

3.3 Consistency of constraints 

We assume that all background fields are constant which enables us to calculate Poisson 
brackets. Using standard Poisson algebra, the consistency procedure for 7/j produces an 
infinite set of constraints 



7(")^{F„7i"-^)} (n = 1,2,3,...), 
which can be rewritten at o" = in the compact a-dependent form 



(3.16) 



(T — 

r/.(^) = E — ^i'^lo = n+//-.(^) + n_/I+,(-a) + 7,a[-<y)% + %^a[a) . (3.17) 



n=0 



From conditions (6*" — 6'")|q = and (tTo — vTq,) |q = 0, we get 

r°(a) = e°(a) - e"(a) , Tl{a) ^ n,((T) - n«(a) , 
where the right-hand side functions are defined as 



(3.18) 



(3.19) 



e-(a) = r (a) + ^°r (^) + 7^^^" /"" daiP^np + ^^G'^'^^" /"" daiP,(/+, + /_ 

zk Jq Ik Jq 



(3.20) 



U^ia) = TTai-a) , n^(cT)=7f^,(a). (3.21) 

Similarly, for Z)5-brane boundary conditions (j3.10p . (j3.14p and p.l5p we get 

Tiia) = n+in^j{a) + Ujl+j{-a) 

+ 2^[7:^,{-a)^t^ +7:^,i-a)^r +^t^7t^,ia) + ^tH^,{a)] , (3.22) 

r"i(CT) = G"i(^)-0"'(^), r"2(a) = e"2(a) + e"2(cj), (3.23) 

rai(cT) =7r„i(-o-)-7f„i(CT), ri^{a) = TTa^i-cr) + Tta^ia) , (3.24) 

where right-hand side variables are defined as 

IK Jq ZK Jq 

+ ^^"'^^ [ '^"^^'''P'' + YJ'^^^' [ ^^^^^""^^ + ^^''^^' i" da,Ps{I+, + I-j), 

(3.25) 

IK Jq ZK Jq 

(3.26) 
The expression for B"^ can be obtained from the expression for B"^ using substitution 

— /24. We obtain the expression for B"^ from B^^ using similar transition rules (fermionic 
variables and background fields have bars). 

We introduced variables, even and odd under world-sheet parity transformation : 
a -^ —a. For bosonic variables we use standard notation [6] 

q^{a)=PsX>'{a), g^(a) = P,x^(a) , (3.27) 

Pf,{a) = PsTTf,{a) , p^{a) = Pa7Tf,{a) , (3.28) 

while for fermionic ones we explicitly use the projectors on $7 even and odd parts 

P, = ^(1 + 0), P„ = i(l-f)). (3.29) 

For all constraints we apply the consistency procedure at cr = vr and obtain similar 
expressions, where all variables depending on —a are replaced by the same variables de- 
pending on 2-7T — a. That set of constraints is solved by 2tt periodicity of all canonical 
variables as in Ref.[6]. 



3.4 Classification of constraints 

Let us denote all constraints with Ta = (r^ ,r" ,rj^). Prom 

{H,,Ta} = T'a^O, 



(3.30) 



it follows that all constraints weakly commute with canonical Hamiltonian, so there are 
no more constraints in the theory and the consistency procedure is completed. 

For practical reasons we will separate the constraints Ta in two sets: the zero modes 
(0" — ^") |o and the rest *Ta = (r^ , F'" , FJ). The reason for this separation is that Poisson 
brackets of constraints *Ta close on 5' function while those with Ta, close on 5, 5' or step 
function. 

First we will classify *Ta- The algebra of the constraints *Ta has the form 



{*Ta,*Tb} = MabS', 
where the supermatrix Mab is given by the expression 
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Here we introduced effective background fields 
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Following [9] we will refer to the fields appearing in matrix Mab as the o'pen string back- 
ground fields. This is super symmetric generalization of Seiberg and Witten open string 
metric, G^J , because all effective fields contain bilinear combinations of Q, odd fields. 

When Db-hiane is embedded in ten dimensional space-time, the boundary conditions 
*Ta = (Pi ,F'°i ,P'"2 ,FSi ,^1^) satisfy the algebra dMB), where the supermatrix Mab is 
given by the expression 
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(3.35) 



The open string background fields are defined as 
Gf = Gij-iBikG'^'Bij, 

ifti^r^' = \{m^'-f^r)-'^-\G'^K)- (3-36) 



From the definition of superdeterminant 

detM4 



.detM..^'"'''^^'-^f'"^'^^'. (3.37) 



and using the fact that 

M2M^'^M3 = , det M4 = const , (3.38) 

we obtain from (j3.32p 

s det Mab ~ det G^^^ . (3.39) 

Because we assume that effective metric G^-'^ is nonsingular, we conclude that all con- 
straints *r^ are of the second class. It is easy to check that zero modes, (0" — ^")|o5 
are also of the second class, and consequently, all constraints originating from boundary 
conditions, Ta, are of the second class. Note that the condition sdetM^^ / is exactly 
the same condition as in the bosonic case [6]. 

4 Solution of the constraints 

Instead to calculate Dirac brackets we prefer to explicitly solve second class constraints 
originating from boundary conditions. From F^ = 0, F" = and F^ = 0, we obtain 

x^{ct) =q^- 26'^'^ /" daip, + 29^" /"" daip^ , 7T^=p^, (4.1) 

Jo Jo 

r(a) = cD-(a) + ^r, 7r^=Pa+Pa, (4.2) 

r(a) = <I.-(a)-^r, 7t^=Pa-Pa, (4.3) 



where 



^ Jo Jo 



(4.4) 



-e" = p,r = p,r , e = Pa 



and 



Pa — ^s'^a ^s^a i Pa — ^a^a ^a^a i 



e"" = --{G-lfBG-^Y" , G^^" = 2e^"'{^eff)u - T^G'^^-v 



2k; 



(4.5) 
(4.6) 
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F^i' + 4(^e//)^e'^'^(^e//)(^ - -^^%{G-^BG-^Y-^t, 



P ^ .T//3 
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^-M(^e//)(^ + ^(l^(^e//) 



(4.7) 



Using (j-dependent form of boundary conditions (I3.22l )- (l3.24p . we get Z)5-brane vari- 
ables in terms of effective ones 

x\a) = q'- 2&^ I daipj + 43? (q"'^ j daipa, + &"' j daipa,] , tt^ = pi , (4.8) 



'i(ct) = (D°i(a) + -rn^), 7ra,=Pa,+Pa, 



(4.9) 



r^ (a) = cD"^ (a) + -r (t) , vr„, = p„, + p„, , 



r ^ (a) = $"1 (a) - -r ^ (a) , Vf«, = Pa, - Pa, , 



(4.10) 
(4.11) 



where 



r ^ (a) = -$-^ (a) + -r^ (a) , 7f„, = -p„, + p„, , 



c&"i(a) = ^C - &"' r dam - Q""'^' I daip;3, - G°i^2 / daip^ 



(4.12) 



- ^G"^''^ / daip}^ - *@^'^^ / daip}^ , 



(4.13) 



2 Jo JO Jo 



- *e"^^^ r daip}^ - *e^-^^ r daip}^ , (4.14) 

Jo Jo 



10 JO 

and the coefficients multiplying momenta are of the form 
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-{G-}MG-^r , 



(4.15) 



0i«i = 2G^^(^e//)J' - —G'^^Z) , G^"2 = 2Q*^'(^e//)J2 - — G^%^2j , (4.16) 



2k 



2k 
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/5l , ,T,/3l 
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*^K^e//)f + ^^^.(^.//); 



(4.17) 



e«i/52 = 0/32"i = 1 ^ j^"^i/32 ^ _^&ai ^ ^ 4(^e//)r ^'H^ 



,/92 



G^J' r 



-q,-J^{G-^BG-^r^i>l) + — ^1\{^eff)f+^%i^eff)T , (4.18) 



*0"1^1 



+ 
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QV r 



, (/r;''' + /rf "') + 4(^e//)re^^>e//)f ^ - -^''_\{G-'BG-'r^*fi 



^-K^e//)f+*lt(^e//) 



(4.19) 



*0ai^2 



1 



*^2 



1 /^*i r -1 

_ :^xi/-i(G-ii?G-i)^^'^;^^ + — vl/°i,(^e//)f'+^;t(^e//)"^ .(4.20) 

The coefficient B"^'^^ can be obtained from 6"i/3i after substitution ff-^ —t' /I2, {^eff)^^ -^ 
(^e//)r and ^°i ^ ^1% while *e"2/32 follows from *e"i^i after substitution /14 ^ /ss, 
(^e//)r^ ^ (^e//)r and ^Z\ ^ ^^^ 



5 Noncommutativity of Dp-hrane world-volume 

Using the solutions of boundary conditions we will show that Poisson brackets of initial 
Dp-brane variables are nonzero. 

5.1 D9-brane 

From basic Poisson algebra 

{x>'{a),Tr,ia)} = 5\5{a-a), (5.1) 

and definitions p.27p - (j3.28p we obtain 

{q^ia) ,pAa)} = <5^5.(a,a) , {g^(a) ,p,{a)} = 5^<5,(a,a) , (5.2) 

where 

6si(J,a) = -[6{a-a) + 6{a + a)] , 5aia,(7) = -[6{a - a) - 5{a + a)] , (5.3) 
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are symmetric and antisymmetric delta functions, respectively. Using basic Poisson algebra 
of fermionic variables 



we have 



which gives 
Similarly we obtain 



{e"{a),7T^{a)} = {e^{a),7tfs{a)} = -6"^6{a - a) , (5.4) 

{P,r(a) + P,r(a),P,7r^(a) + P,7f^(a)} = -2,5V^(a,a), (5.5) 

{C{'T),p^{a)} = -6^p6s{a,a). (5.6) 



{Cia),pp{a)] = -5^p6aia,a). 



(5.7) 



Therefore, the momenta p^, p^, pa and pa are canonically conjugated to the coordinates 
g/i^ q/i^ ^a g^j^^ ^a^ respectively. 

Using the solutions of constraints (|4.ip - (j4.3p . we get the noncommutativity relations 



{x^'{a),x''{a)} = 2Q^'''0{a + a) 



{x'^(a) , r (a)} = -G^°0(cT + a) , {^ (a) , 01' (a)} = -Q'^'Oia + a) 



where 



(X = < 



if a; = 

1/2 if < X < 27r . 

1 if X = 27r 



(5.8) 
(5.9) 

(5.10) 



After introducing center of mass variables 

1 r 

A{a) = Acm + A{(j) , Acm = - daA{a) , 

TT Jo 

where A(a) is arbitrary variable, we obtain 

{x''{a),x''{a)} = Q''''A{a + a), 

{x^^ia) , r (a)} = -iG^"A(a + a) , {^ (a) , 0"^(a)} = ^O'^^ A{a + a) 
The function A{a + a) is nonzero only at string endpoints 

A(x) = 2e{x) - 1 = < 



(5.11) 

(5.12) 
(5.13) 



-1 ifx = 

if < X < 27r , 

1 if X = 27r 



(5.14) 



and we conclude that interior of the string is commutative, while string endpoints are 
noncommutative. 
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5.2 D5-brane 

Applying the same procedure as in the case of L'O-brane, we get Z)5-brane noncommuta- 
tivity relations 

{x\a),x^ia)} = &^A{a + a), (5.15) 

{x^(a),rKa)} = -ie-^A(a + <T) , {x*(a) , ^^(a)} = -ie-^A(a + a) ,(5.16) 
{ri(a) ,^'^1(^)1 = ^e"i'3iA(c7 + a) , {9"^a),e'^^a)} = -^e"^(^^A{a + a) , (5.17) 

{ri (a) , ^^2 {a)} = -^e"^'^^ A(a + a) . (5.18) 

The parameters multiplying complex conjugated momenta denoted by star are absent 
in noncommutativity relations, because the solutions for initial fermionic coordinates do 
not depend on complex conjugated effective coordinates. 

On the solutions of the boundary conditions original string variables depend both on 
effective coordinates and effective momenta, and that is a source of noncommutativity. In 
the supersymmetric case the presence of O odd fields Bfj^^,, ^"„ and Fs leads to noncom- 
mutativity of the supercoordinates. Nontrivial Bfj^iy leads to nonzero of all noncommutative 
parameters, Q'^'^ , Q^^ and 9"'^. If only ^"^ is nontrivial, we have Q^" = 0, but 9^" and 
9"'' are nonzero. Finally, if only Fs is nontrivial then 9^"^ = and 9^" = 0, and only 
0a/3 jg nonzero. The last case corresponds to the noncommutativity relations used in [llj . 
where bosonic variables are commutative. This discussion is the same for Z)5-brane up to 
the following replacing 



pa/3 _ tcP^^P _i_ T?P"\ -^ P"/3 '" 



F^^ = -{F''^ + F^^") ^ F^" = — (F^r)"/^ + (F'^r)^" . (5.19) 

6 Supersymmetry of noncommutativity relations 

Here we will explicitly show that noncommutativity relations of Z)9-brane coordinates, 
(15. 8p and (15. 9p . are connected by A^ = 1 supersymmetry transformations. Because of the 
relation between D9 and D5-brane spinors |8j, the similar relations hold for D5-brane 
supersymmetry. 

The action of initial theory (12. 5p is invariant under global N = 2 supersymmetry with 
parameters e and e. The supersymmetry transformations of the variables x^, 0" and 6" 
tl2j are 

Sxt" = e^r^^e^ + eT'^^e^ , 5r = e", <5r = e^, (6.1) 
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while the transformation rules of constant background fields are 

5G,, = 6^r[^,^M/J^, - e^r[^,^^!^j , 6B,, = elT^^^p^t^^ - e-_T^,^p^l^^ , (6.2) 

(6.3) 
M(o) = , Mg) = -e°r[^,^M/J^j - 6°r[^,^^^^, + A^'^5B^, , (6.4) 

Mg),, = 26^r[^,,„^vi,^^j + 2e'lT[^,^^fsK.] + S^EJ-^^p-] • (6-5) 

Here we used notation 

4 = e° ± e« = const. , F^,^,,,,^^ = r[^^r^, . . . T^^] , (6.6) 

and [ ] in the subscripts of the fields mean antisymmetrization of space-time indices be- 
tween brackets. The potentials A^^' and Aj^Jpa correspond to the symmetric part of F'^^ 

Ff = -{F'^^ + F^''), (6.7) 



(2) 

and A)j,p to antisymmetric one 



paP _ _tpciP _ pPa\ 
a 2^ >' 



More about connection between two descriptions of R-R sector is given in Ref.[4J and 
Appendix B of Ref. [8] . 

From the solution of boundary conditions (|4.2p - (j4.3p and supersymmetry transforma- 
tions (j6.ip . we have 

5r (cj) = 5$°(cj) + ]-fe{(j) = e° , (6.9) 

5^"(cj) = 5$°(cj) - ^(^r(cT) = e" , (6.10) 

which gives 

<5$°(a) = le-, 5r(a) = e°. (6.11) 



From the boundary conditions p.Sh . with the help of supersymmetry transformations 
dEU, it holds 

ee: = 0. (6.12) 

The starting N = 2 supersymmetry transformations ()6.ip . on the solution of boundary 
conditions, reduces to A^ = 1 supersymmetry transformations 



.,- y-j-^+^ar y-^-^lKp^'i'^)^ 5r = <5r = i, 



6x^{a) = elr^.<^^{a) = 6^r^,0^(a) - -elrU^{a) , 60^ = 5^ = -e^ , (6.13) 
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which gives 



-Jg'^ = ^e^^^^C^ 5r = e+, 6C = 0. (6.14) 



From Ref.|13) we read the super symmetry transformations for the momenta 

Spa = ^(^i^$aPf^ ' (^Pm = ■ (6-15) 

The truncation from A^ = 2 to A^ = 1 supersymmetry we can reahze omitting trans- 
formations for G^i,, ^+/x and Fa [12]. The rest fields make A^ = 1 supermultiplet with 
transformation rules 

6B^, = elT[^^p^t^^, 5vf«^ = l4r^^^Fr, 6Ff = 0. (6.16) 

Using A^ = 1 SUSY transformations (|6.13p - (|6.15p . we can find the super symmetric 
transformations of the coefficients Q'^'^, O'^" and Q'^" multiplying the momenta in the 
solutions of boundary conditions. From 



dxf'ia) = Je^r^.C^ - 259^-^ /" daip, - 29''^^ /" da^dp, , (6.17) 

^ Jo Jo 



5r(a) = Je°-(59^" / daip^-ef"" [ dai6p^-6e'^^ [ daipp-Q"^^ [ dcJi% = Je^ , 
2 7o Jo Jo Jo 2 

(6.18) 

we obtain global A^ = 1 SUSY transformations of the background fields 

6e^'^ = e^T^^^e''^'^ , (59^° = --e^F^^9^" , <59"'^ = . (6.19) 

Consequently, these fields are components of A^ = 1 supermultiplet. The coefficients, 
9'^'', Q^" and 9"^, are the background fields of the T-dual theory. This explains the 
fact that their SUSY transformations have the same form as the transformations of the 
corresponding dual partners B^^i,, ^^^ and Ff ()6.16p . 

Using A^ = 1 supersymmetry transformations of SUSY coordinates (I6.13P and back- 
ground fields (j6.19p . we can easily prove that noncommutativity relations, (j5.8p and (j5.9p . 
are connected by supersymmetry transformations. The SUSY transformation of (|5.8p 



elr^^l,{x''\9^} = -elT%Q'^^''e{a + a), (6.20) 

produces the first relation in ()5.9p . Similarly, SUSY transformation of the first relation in 

dSSD 

6^F^^ {e\ r } = ie^F^^9^°0(a + a) , (6.21) 

produces the second relation in ()5.9p . 
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7 Concluding remarks 

In this paper we considered noncommutativity properties and related supersymmetry 
transformations of D9 and D5-branes in type IIB superstring theory. We used the pure 
spinor formulation of the theory introduced in Refs.[2l llOj . 

Following [5l [51 [6] we treated all boundary conditions at string endpoints as canonical 
constraints and checked their consistency. For nonsingular G^-^-'^ all constraints are of the 
second classand. We can solve them and obtain the initial coordinates x'^, 9" and 0" in 
terms of effective ones, g^, .^^ and .^^ (momenta independent parts of the solutions for 
initial supercoordinates x^, 9^ and 6°') and momenta p^ and pa (canonically conjugated 
to q^' and ^"). 

The fact that original string variables depend both on effective coordinates and effective 
momenta is a source of noncommutativity (15.12p - (l5.13p . The solution for initial variables 
do not depend on momenta p^ (canonically conjugated to ^"). So, fi odd variables, 
denoted with tilde, do not contribute to noncommutativity relations. Absence of the 
fermionic coordinates in the solution for x^ implies that Poisson bracket {x^ , x^} is the 
same as in pure bosonic case. Similar conclusions are valid for Z)5-brane. 

Noncommutativity obtained in the present paper represents a generalization of the 
results from Ref.[10j. In special case, when ^" = ^", the noncommutatativity relations 
(J5.12p - (j5.13p correspond to the relations of Ref.flOj. 

The result of the present paper can be considered as a super symmetric generalization 
of the result obtained for bosonic string p]. Beside B^y, its superpartners ^°^ and Fg 
are also a source of noncommutativity. For noncommutativity of bosonic coordinates it is 
necessary to have nontrivial B^y. Noncommutativity of bosonic and fermionic coordinates 
can be caused by both B^y and *I'°^, while noncommutativity of two fermionic coordinates 
can be caused by all components of noncommutative supermultiplet, B^y, ^'^^ and Fg . 

Note that fermionic boundary conditions split N = 2 supermultiplet (consisting of 
background fields G^y, B^y, ^I'+^, ^-^ and F°'^) into two A^ = 1 supermultiplets. One, Q, 
even {Gf^y, ^+„, Fa ), represents background fields of type I theory, and the second one, 
Q odd {Bfj^y, ^"Lfj^, Fg ) is source of noncommutativity of supercoordinates (x^ ,9")- 
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